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Abstract
A model of relativistic extended particle is considered with the help of gener-
alization of space-time interval. Ten additional dimensions are connected with six
rotational and four deformational degrees of freedom. An obtained 14-dimensional
space is assumed to be an embedding one both for usual space-time and for 10-
dimensional internal space of rotational and deformational variables. To describe
such an internal space relativistic generalizations of inertia and deformation tensors
are given. Independence of internal and external motions from each other gives rise
to splitting the equation of motion and some conditions for 14-dimensional metric.
Using the 14-dimensional ideology makes possible to assign a unique proper time
for all points of extended object, if the metric will be degenerate. Properties of an
internal space are discussed in details in the case of absence of spatial rotations.
1 Introduction
More and more attention is spared to relativistic description of extended objects,
which could serve a basis for construction of dynamics of interacting particles. Necessity
of introduction extended objects to elementary particle theory is out of doubt. Therefore,
since H.A.Lorentz attempts to introduce particles of finite size were undertaken. However
a relativization of extended body is found prove to be a difficult problem as at once there
was a contradiction to Einstein’s relativity principle. Even for simplest model of absolutely
rigid body [1] it is impossible for all points of a body to attribute the same proper time.
Therefore considering of elementary particles with rotational degrees of freedom is often
incorrect, when it is supposed that the particle possesses infinitesimal spatial sizes for
this leads to formal treating of internal degrees of freedom [2]-[6]. Rotational degrees of
freedom are degenerated in general, and as physical variables remain only internal angular
momenta [7], [8]. This difficulty has not been overcame neither in extended electron theory
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by Markov [9] nor in bilocal and multilocal theories by Yukawa [10] and Takabayashi [11]
nor in relativistic rotator by Nakano [12], causing large flow of works, nor in many other
works devoted to extended objects [13] and relativistic continuous media [14]. It does not
affect the further development of ideas, but one cannot say anything about the sizes of
particles. At large distances from particle the account only internal momenta can appear
sufficient, but considering of interactions must be correct only with taking into account
particle sizes.
Usually the description of extended particle is carried out by means of consideration
the moving 4-hedron, eµ = {eµ(λ)}, connected with a point inside of object [12]. Thus,
angular velocity Ω[µν] is defined according to the formula [15]
Ω[µν] = η(λ)(κ)eµ(λ)
Dge
ν
(κ)
cdτ
= η(λ)(κ)eµ(λ)
[
deν(κ)
cdτ
+ Γnuρσ y˙
σeρ(κ)
]
, (1.1)
where yµ are coordinates of a point with which the reference point is connected, y˙µ = dyµ/cdτ
,
Γνρσ =
1
2
gντ [∂ρgτσ + ∂σgρτ − ∂τgρσ] , (1.2)
∂ρ = ∂/∂y
ρ, gµν is the metrics describing complex movement of this point.
Other approach is the description of extended bodies in General Relativity by
means of specifying energy-momentum tensor and its moments [15]-[18], going back to
Mathisson [19] and Papapetrou [20]. However here even in the elementary case of a free
rotating particle in flat space-time its momentum and velocity appear to be not parallel,
what is not quite clear in case of the isolated particle. With the certain kind of Lagrangian
first approach proves to be equivalent to the second one [15].
In this work another attempt is done to describe in details a relativistic extended
particle by means of introducing internal rotational and deformational degrees of freedom.
Our approach is based on dimensional extension of space-time interval connected with a
world line of any point inside the particle. In this connection it is necessary to note the
work [21] in which multidimensional space is used for the description of extended objects,
and as an example the relativistic string is considered. In our work we connect additional
measurements with both six rotation and hyper-rotation angles and four deformational
degrees of freedom as it was partially made in [3].
In our opinion, many works, devoted to extended elementary particles (e.g., [3]-
[6], [9]-[13], etc.), spare a little attention to classical description. Partly it is caused unob-
servability internal movements and connected with traditional attributing to microobjects
of quantum properties. Passage to quantization is represented by natural way, but inves-
tigation of classical opportunities should be sufficiently complete and comprehensive. In
this sense the description of extended bodies from the general relativistic viewpoint [8] is
represented more consecutive. Here we also give only classical consideration. In Section
2 a generalization of space-time interval, connected with any point inside of an extended
particle, is specified with the help of introducing internal rotational and deformational
degrees of freedom. For such a particle we also define a notion of the ”center of inertia” as
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a point representing the motion of the particle considered as a whole object. Relativistic
inertia and deformation tensors, as well as general equations of motion are considered
in Section 3. In Section 4 we split equations of motion and obtain some conditions for
metrics with the help of embedding space formalism. In particular, certain condition
imposed on angular and deformational velocities gives rise to possibility of introducing
the unique proper time in the whole internal region of extended object. Section 5 shows
that equations of motion obtained in Section 4 may be derived also under consideration
of degenerated 14-dimensional metric, whose rank equals to the rank of the background
4-dimensional space-time. Properties of internal space are discussed and its metric is
derived in Section 6 in the case of absence of spatial rotations (Ω[mn] = 0). Here we also
clarify the physical meaning of components Ω[0n] of 4-dimensional angular velocity Ω[µν],
which are proportional to corresponding components of angular momentum of the inter-
nal point relative to the ”center of inertia”. This fact allows to connect Ω[0n] with spin
of the particle determined in Section 5 and redetermined in Section 6. Section 7 contains
conclusive notes.
2 Rotating and deformable medium
Let there is some space-time (finite or infinite) domain, filled by some substance.
We shall assume this domain to be moving in space-time and therefore it is possible to
choose some point C, said to be the ”center of inertia”, which represents movement of
the domain as a whole. Because the concept of the center of inertia cannot be uniquely
defined in a relativistic case [22] we shall use it conditionally, implying as the ”center
of inertia” certain preferred point inside domain, whose movement in space-time defines
movement of the domain as a whole. Domain, defined as a part of the Universe, may be
both any physical system and fundamental particle. Here we consider such domain as a
particle.
Let the observer be placed in the point O (origin of coordinates) of space-time.
Then coordinates of the ”center of inertia” C relative to O we shall denote through xµ,
coordinates of a point M inside particle relative to O – through yµ, and coordinates of
the point M relative to the ”center of inertia” C – through rµ.
We wish to consider a rotating particle, inside of which internal substance undergoes
some movement, so that a field of 4-velocities is specified inside of domain occupied by
particle. Intuitively clearly, that world line of any point M should wind around a world line
of the point C. If one postulate, that any movement always can be presented as geodesic
movement (see, e.g., [23]-[26]), it means, that spaces, associated with movement of the
”center of inertia” C and with movement of point M, are various and possess various
metrics. The metric of the space, associated with point M, is complicated even when
the background space and space of substance are Minkowski spaces. Should rotations
and deformations be absent, these spaces would coincide, and it would possible to write
yµ = xµ + rµ. In general case yµ must be considered as some functions from xµ, rµ
and rotation angles ϕµν . In the further we shall distinguish the indices connected with
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various variables, and instead of xµ, rα, ϕµν we shall write x(µ), rαˆ, ϕ[µν]. Thus, indices
in parentheses, (µ), (ν), (λ), ..., are concerned to the ”center of inertia” C, moving in
background space, indices with hats, αˆ, βˆ, γˆ, ..., are concerned to any point M of the
substance, moving under internal deformations, while indices without any brackets, µ, ν,
λ, ..., are concerned to any point M of the substance, moving relative to background space
by trajectory being geodesic line in the internal space of the particle.
Infinitesimal variation of coordinates yµ of internal point M, is obviously defined by
expression
dyµ = ∂(ν)y
µdx(ν) + ∂αˆy
µdrαˆ +
1
2
∂yµ
∂ϕ[λκ]
dϕ[λκ] . (2.1)
On the other hand, dyµ is caused by infinitesimal changes Dx(µ) and Drαˆ of coordinates
x(µ) and rαˆ, taking into account rotations and deformation of substance. Dx(µ) is caused,
firstly, by movement of the particle as a whole, and, secondly, by moving of substance
within the vicinity of the point C. Drαˆ does not depend on external movement and is
caused only by rotation of particle and moving of substance within the vicinity of the
point M. Therefore it is possible to write
Dx(µ) = dx(µ) + V
(µ)
C cdτ , (2.2)
Drαˆ =
1
2
(δαˆ· (λ)δβˆ(κ) − δαˆ· (κ)δβˆ(λ))rβˆdϕ[κλ] + V αˆMcdτ , (2.3)
where
V
(µ)
C = δ
(µ)
αˆ
drαˆ
cdτ
∣∣∣∣
rαˆ=0, dϕ[κλ]=0
(2.4)
is a velocity of substance within the vicinity of the ”center of inertia” C due to a defor-
mation of substance,
V αˆM =
drαˆ
cdτ
∣∣∣∣
dϕ[κλ]=0
(2.5)
is a velocity of substance within the vicinity of the point M due to a deformation of
substance, τ is proper time of the point M, δ
(µ)
αˆ are usual Kronecker symbols (δ
(µ)
αˆ = 1
when α = µ and δ
(µ)
αˆ = 0 when α 6= µ). Thus, movement of the point M is characterized
by infinitesimal variable
dyµ = δµ· (λ)Dx
(λ) + δµ· αˆDr
αˆ = δµ· (λ)dx
(λ)+
+
1
2
(δµ· (λ)δαˆ(κ) − δµ· (κ)δαˆ(λ))rαˆdϕ[κλ] + (δµ· (λ)V (λ)C + δµ· αˆV αˆM) cdτ , (2.6)
where δµ· (λ), δ
µ
· αˆ are also Kronecker symbols. To eliminate unknown quantities V
(µ)
C , V
αˆ
M,
it is reasonable to assume, that they are connected with each other by transformation of
a kind
(δµ· (λ)V
(λ)
C + δ
µ
· αˆV
αˆ
M) cdτ = f
µ
· (λ)dx
λ + bµ· αˆdr
αˆ +
1
2
dµ· [λκ]dϕ
[λκ] , (2.7)
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where fµ· (λ), b
µ
· αˆ and d
µ
· [λκ] are some functions from coordinates x
(µ), covering external
space, internal coordinates rαˆ and rotation angles ϕ[µν].
Comparing (2.1) and (2.6) and taking into account (2.7), we have
∂(λ)y
µ = δµ· (λ) + f
µ
· (λ)
.
= eµ· (λ) , (2.8)
∂αˆy
µ = bµ· αˆ , (2.9)
∂yµ
∂ϕ[λκ]
.
= dµ· [λκ] − (δµ· (λ)δαˆ(κ) − δµ· (κ)δαˆ(λ))rαˆ . (2.10)
For the description of movement of point M we shall write down a corresponding
squared interval that will look like
dS2 = Σc2dτ 2 = gµνdy
µdyν = gµνe
µ
· (λ)e
ν
· (κ)dx
(λ)dx(κ) + gµνb
µ
· αˆb
ν
· βˆ
drαˆdrβˆ+
+
1
4
gµν
[
dµ· [λκ] − (δµ· (λ)η(κ)αˆ − δµ· (κ)η(λ)αˆ)rαˆ
]
·
·
[
dν· [ρσ] − (δν· (ρ)η(σ)βˆ − δν· (σ)η(ρ)βˆ)rβˆ
]
dϕ[λκ]dϕ[ρσ] + 2gµνe
µ
· (λ)b
ν
· αˆdx
(λ)drαˆ+
+gµνe
µ
· (λ)
[
dν· [ρσ] − (δν· (ρ)η(σ)βˆ − δν· (σ)η(ρ)βˆ)rβˆ
]
dx(λ)dϕ[ρσ]+
+gµνb
µ
· αˆ
[
dν· [ρσ] − (δν· (ρ)η(σ)βˆ − δν· (σ)η(ρ)βˆ)rβˆ
]
drαˆdϕ[ρσ] , (2.11)
where Σ = ±1 or 0, and through gµν the metric of space, associated with movement of
point M is designated. Here it should be noted that using the metric gµν is connected
with unknown in advance character of movement of point M. Should the trajectory of
point M be known, it would be possible to use instead of gµν the metric of background
space η(µ)(ν) = δ
· λ
(µ)δ
· κ
(ν) ηλκ together with a restriction in the form of the equation of a
trajectory of point M, which in case of using the metric gµν turns out to be an integral of
the equations of motion
y¨µ + Γµνλy˙
ν y˙λ = 0 . (2.12)
Starting from expression (2.11) the ”center of inertia” may be defined as follows.
Because movement of the ”center of inertia” should look as movement of a material point
in background space it is reasonable to put
gµνe
µ
·(λ)e
ν
·(κ) = η(λ)(κ) , (2.13)
η(λ)(κ)eµ·(λ)e
ν
·(κ) = g
µν (2.14)
for all values of rαˆ, which are not leaving for domain, occupied by substance. If x(µ)
are not coordinates of the ”center of inertia” then relations (2.13), (2.14) should not be
carried out.
Introduction of relativistic generalizations of inertia and deformation tensors allows
to write down the interval (2.11) in more compact form. That will be a theme of the
following Section.
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3 Inertia and deformation tensors
Let us consider in more details the quantities entering into the interval (2.11) before
differentials. First of all, for rotating particle we need to enter a relativistic inertia tensor.
We shall consider specific quantities, i.e., quantities associated with a unit mass. It is
natural to do so, as for as the concept of mass and mass distribution inside of considered
substance still are not determined, the more so in the inertia tensor for a material point
the mass of it is only constant multiplier with physical dimension of mass.
To give a relativistic generalization of inertia tensor, we shall start from nonrela-
tivistic description of absolutely rigid body. Proper inertia tensor of a unit mass particle
relative to the beginning of coordinate system in three-dimensional space looks like
jik = r
2δik − rirk , (3.1)
where rk are coordinates of the particle (see, e.g., [27]). Introduction of (specific) linear
momentum of the particle relative to the beginning of coordinate system,
iik = εikmrm , (3.2)
allows to write the inertia tensor (3.1) as product of the linear momenta
jik = −jimjmk . (3.3)
In a relativistic case for the description of rotational movement except for three
angles ϕ12, ϕ23, ϕ31, connected with rotations in three-dimensional space, one should
require three more angular variables ϕ0i, connected with hyper-rotations in planes (0i).
Therefore, there should be also components of generalized inertia tensor corresponding to
these planes. As it is well known, εijk is 0-component of four-dimensional tensor density
by Levy-Civita: εijk = ε0ijk. Hence, instead of linear momentum tensor of the second
rank (3.2) in three-dimensional space there arises a tensor of the third rank
i0µνλ = εµνλκr
κ (3.4)
in four-dimensional space, and, obviously, iik = i
0
0ik. Accordingly, instead of inertia tensor
of the second rank (3.3) there arises a tensor of the fourth rank:
j0µν,λκ = j
0
λκ,µν = −ηαβi0µναi0λκβ = −ηαβεµναρελκβσrρrσ = ηµνρ,λκσrρrσ =
= [ηµληνκηρσ + ηµκηνσηρλ + ηµσηνληρκ − ηµκηνληρσ − ηµληνσηρκ − ηµσηνκηρλ]rρrσ =
= [(ηµληνκ − ηµκηνλ)r2η + ηµκrνrλ + ηνλrµrκ − ηµλrνrκ − ηνκrµrλ] . (3.5)
It should be noted, that this tensor can be written down in other form:
j0µν,λκ = −
i
2
Cµν,λκ,ρσD
ρσr2η , (3.6)
where
r2η = ηαβr
αrβ . (3.7)
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Quantities
Cµν,λκ,ρσ = i[ηµληνρηκσ + ηµρηνκηλσ − ηµκηνρηλσ − ηµρηνληκσ] (3.8)
and
Dµν = ηµν − 2r
µrν
r2η
(3.9)
satisfy to relations
1
4
ηµν,λκCµν,λκ,ρσ =
1
4
(ηµληνκ− ηνληµκ)Cµν,λκ,ρσ = i(d− 1)ηρσ ; (3.10)
ηρσD
µρDνσ = ηµν , (3.11)
DµρDρν = δ
µ
ν , (3.12)
where
Dµν = ηµν − 2ηµρηνσr
ρrσ
r2η
, (3.13)
d = ηµνηµν = D
µνDµν = 4 is the dimension of the background space.
Let us note also, that if four-dimensional background space is the Minkowski space
ER1,3, then quantities (3.8) are structural constants of the Lorentz group. It is obvious, the
relation that connects three-dimensional inertia tensor with a four-dimensional tensor is
jik = j
0
0i,0j .
A relativistic generalization of the inertia tensor above is natural and differs from
often used inertia tensor of the second rank (see, e.g., [3], [15], [16]). There exists also an
attempt to express inertia tensor of the second rank through tensor of the fourth rank [22].
Taking into account various character of indices, one should written (3.4) and (3.5)
as
i0[µν](λ) = ε[µν][λκ]δ
(κ)
·αˆ r
αˆ , (3.14)
j0[µν][λκ] = −η(ρ)(σ)i0[µν](ρ)i0[λκ](σ) = −
i
2
C[µν][λκ](ρ)(σ)D
(ρ)(σ)r2η , (3.15)
where
D(ρ)(σ) = η(ρ)(σ) −
2δ
(ρ)
·αˆ δ
(σ)
·βˆ
rαˆrβˆ
r2η
, (3.16)
r2η = η(ρ)(σ)δ
(ρ)
·αˆ δ
(σ)
·βˆ
rαˆrβˆ = h0
αˆβˆ
rαˆrβˆ . (3.17)
Let us define also dual quantities:
i˜0[µν](λ) =
1
2
ε
· · [ρσ]
[µν] i
0
[ρσ](λ) = (η(ν)(λ)η(µ)αˆ − η(µ)(λ)η(ν)αˆ)rαˆ , (3.18)
j˜0g[µν][λκ] = j˜
0
[λκ]g[µν]
=
1
2
ε
· · [ρσ]
[µν] j
0
[ρσ][λκ] = −η(ρ)(σ) i˜0[µν](ρ)i˜0[λκ](σ) =
= (i0[λκ](µ)η(ν)αˆ − i0[λκ](ν)η(µ)αˆ)rαˆ = (ε[λκ][µσ]η(ν)αˆ − ε[λκ][νσ]η(µ)αˆ)δ(σ)·βˆ r
αˆrβˆ , (3.19)
7
˜˜j0[µν][λκ] =
1
4
ε
· · [ρσ]
[µν] ε
· · [τω]
[λκ] j
0
[ρσ][τω] =
= −η(ρ)(σ) i˜0[µν](ρ) i˜0[λκ](σ) = −iC[µν][λκ](ρ)(σ)δ(ρ)·αˆ δ(σ)·βˆ r
αˆrβˆ =
= [η(µ)αˆ(η(ν)(κ)η(λ)βˆ − η(ν)(λ)η(κ)βˆ)−
−η(ν)αˆ(η(µ)(κ)η(λ)βˆ − η(µ)(λ)η(κ)βˆ)]rαˆrβˆ . (3.20)
It is not difficult to show, that following relations take place:
1
4
η[µν][λκ]i0[µν](ρ)i
0
[λκ](σ) = r
2
ηN
0
(ρ)(σ) , (3.21)
1
4
η[µν][λκ]˜i0[µν](ρ)i˜
0
[λκ](σ) = r
2
ηN
0
(ρ)(σ) , (3.22)
1
4
η[µν][λκ]i0[µν](ρ)i˜
0
[λκ](σ) = 0 ; (3.23)
1
4
η[ρσ][τω]j0[µν][ρσ]j
0
[λκ][τω] = r
2
ηj
0
[µν][λκ] , (3.24)
1
4
η[ρσ][τω]˜˜j0[µν][ρσ]
˜˜j0[λκ][τω] = −r2η˜˜j0[µν][λκ] , (3.25)
1
4
η[ρσ][τω]j0[µν][ρσ]
˜˜j0[λκ][τω] = 0 , (3.26)
where
η[ρσ][τω] = η(ρ)(τ)η(σ)(ω) − η(ρ)(ω)η(σ)(τ) , (3.27)
and quantity
N0(ρ)(σ) = η(ρ)(σ) −
η(ρ)αˆη(σ)βˆr
αˆrβˆ
r2η
=
1
2
(D(ρ)(σ) + η(ρ)(σ)) (3.28)
satisfies to relation
η(ρ)(σ)N0(µ)(ρ)N
0
(σ)(ν) = N
0
(µ)(ν) . (3.29)
It is easy to see now, that quantity standing before product of angular differentials
in (2.11) is actually represents the sum of twice dual inertia tensor ˜˜j0[µν][λκ] and some
additional terms. We shall introduce a denotation
˜˜j[µν][λκ] =
˜˜j0[µν][λκ] − gρσdρ·[µν]dσ·[λκ] − gρσηρ(τ)
[˜
i0[µν](τ)d
σ
·[λκ] + i˜
0
[λκ](τ)d
σ
·[µν]
]
+
+
(
gρση
ρ(τ)ησ(ω) − η(τ)(ω)) i˜0[µν](τ)i˜0[λκ](ω) =
= −gρσ
[
dρ·[µν] + η
ρ(τ)i˜0[µν](τ)
] [
dσ·[λκ] + η
σ(ω)i˜0[λκ](ω)
]
. (3.30)
Then the quantity
j[µν][λκ] =
1
4
ε
· · [ρσ]
[µν] ε
· · [τω]
[λκ]
˜˜j[ρσ][τω] =
8
= j0[µν][λκ] − gρσd˜ρ·[µν]d˜σ·[λκ] + gρσηρ(τ)
[
i0[µν](τ)d˜
σ
·[λκ] + i
0
[λκ](τ)d˜
σ
·[µν]
]
+
+
(
gρση
ρ(τ)ησ(ω) − η(τ)(ω)) i0[µν](τ)i0[λκ](ω) =
= −gρσ
[
ηρ(τ)i0[µν](τ) − d˜ρ·[µν]
] [
ησ(ω)i0[λκ](ω) − d˜σ·[λκ]
]
(3.31)
will be called a dynamical inertia tensor of the point M relative to the ”center of inertia”
C.
This definition differs from usual one (a geometrical inertia tensor) (3.1), (3.5) be-
cause the quantity (3.23) is defined by not only geometrical characteristics (coordinates
rαˆ) of point M, but also physical processes in a vicinity of this point. This is due to
presence of quantities dµ·[λκ] in (3.23). If some closed domain bound the substance un-
der consideration, then inertia tensor of the whole such an object can be obtained with
multiplication of (3.23) by mass density and subsequent integration by volume of the
domain.
Due to relations (2.13), (2.14) dynamical inertia tensor j[µν][λκ] and dual tensor
˜˜j[µν][λκ] can be written down in the form
j[µν][λκ] = −η(ρ)(σ)i[µν](ρ)i[λκ](σ) , (3.32)
˜˜j[µν][λκ] = −η(ρ)(σ) i˜[µν](ρ)i˜[λκ](σ) , (3.33)
Quantity
i[µν](λ) = η(λ)(κ)e
(κ)
·ρ
[
ηρ(τ)i0[µν](τ) − d˜ρ·[µν]
]
(3.34)
will be called a dynamical momentum tensor of the point M, while quantity i0[µν](λ), spec-
ified in (3.11), will be called a geometrical momentum tensor of the point M relative to
the ”center of inertia” C.
Quantity
hαˆβˆ = gµνb
µ
·αˆb
ν
·βˆ
(3.35)
may be called a deformation tensor, forasmuch as it is stipulated by moving of substance
inside of the domain under consideration. Definition (3.27) is somewhat differs from the
definition accepted in the mechanic of continuous media, where deformation tensor is de-
fined as semi-difference between external background metrics and the metrics of deformed
body [28]-[31] either in the Lagrange-Green form or in the Euler-Cauchy-Almansi form.
However, the definition similar to (3.27) is given, for example, in [14], while semi-difference
above is called a strain tensor. As it will be shown below, hαˆβˆ actually represents the
internal metric of the domain.
At last, if we introduce also following notations
ℓ[µν]αˆ = gρσb
ρ
·αˆ
[
ησ(τ)i0[µν](τ) − d˜σ·[µν]
]
= e(τ)·ρ b
ρ
·αˆi[µν](τ) , (3.36)
c(λ)αˆ = gρσe
ρ
·(λ)b
σ
·αˆ , (3.37)
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the interval (2.11) will have the form
dS2 = Σc2dτ 2 = η(µ)(ν)dx
(µ)dx(ν) − 1
4
˜˜j[ρσ][τω]dϕ
[ρσ]dϕ[τω] + hαˆβˆdr
αˆdrβˆ+
+i˜[ρσ](µ)dx
(µ)dϕ[ρσ] + 2c(µ)αˆdx
(µ)drαˆ + ℓ˜[ρσ]αˆdr
αˆdϕ[ρσ] , (3.38)
where
i˜[µν](λ) = η(λ)(κ)e
(κ)
·ρ
[
ηρ(σ) i˜0[µν](σ) + d
ρ
·[µν]
]
, (3.39)
ℓ˜[µν]αˆ = gρσb
ρ
·αˆ
[
ησ(τ)i˜0[µν](τ) + d
σ
·[µν]
]
= e(τ)·ρ b
ρ
·αˆi˜[µν](τ) , (3.40)
τ is proper time of the point M.
Proper time of the ”center of inertia” τC may be defined from the relation
σc2dτ 2C = η(µ)(ν)dx
(µ)dx(ν) , (3.41)
where σ = ±1 (obviously, a concept of proper time of the ”center of inertia” is undefinable
for σ = 0). Then it follows from (3.30) and (3.33) that
dτC
dτ
= Γ =
[
Σ
(
σ − 1
4
˜˜j[ρσ][τω]Ω
[ρσ]
C Ω
[τω]
C + hαˆβˆV
αˆ
C V
βˆ
C+
+i˜[ρσ](µ)U
(µ)
C Ω
[ρσ]
C + 2c(µ)αˆU
(µ)
C V
αˆ
C + ℓ˜[ρσ]αˆV
αˆ
CΩ
[ρσ]
C
)]−1/2
, (3.42)
where U
(µ)
C = dx
(µ)/cdτC is four-velocity of translational movement of the medium in the
back-ground space, Ω
[ρσ]
C = dϕ
[ρσ]/cdτC is angular velocity of rotational movement of the
medium relative to the ”center of inertia”, V αˆC = dr
αˆ/cdτC is four-velocity of translations
of substance of the medium in the vicinity of the point M relative to the ”center of inertia”.
The proper time of the point M will be coincided with the proper time of the
”center of inertia” when Γ = 1. It is possible only in two cases: i) if internal substance
of the domain is absolutely rigid and performs only translational movement, i.e. when
Ω[ρσ] = dϕ[ρσ]/cdτ = 0, V αˆ ≡ V αˆM = drαˆ/cdτ = 0; ii) there takes place a relation
−1
4
˜˜j[ρσ][τω]Ω
[ρσ]
C Ω
[τω]
C + hαˆβˆV
αˆ
C V
βˆ
C ++i˜[ρσ](µ)U
(µ)
C Ω
[ρσ]
C +
+2c(µ)αˆU
(µ)
C V
αˆ
C + ℓ˜[ρσ]αˆV
αˆ
CΩ
[ρσ]
C = 0 , Σ = σ . (3.43)
If this relation is fulfilled for all points of the domain occupied by the extended object
one may say about proper time of the object.
Expression (3.30) is turn out to be an interval in 14-dimensional space, covered by
coordinates XA (A = (µ), [ρσ], αˆ) with
X(µ) = x(µ) , X [ρσ] = ϕ[ρσ] , X αˆ = rαˆ . (3.44)
Then (3.30) may be written as
dS2 = GABdX
AdXB . (3.45)
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The interval (3.36) obtained in such a way, generally speaking, describes not necessarily
extended particle, but any deformable medium performing translational and rotational
movement. Moreover it is supposed, that the equations of motion of any point M of this
medium look like geodesic equation in 14-dimensional space
U˙A + ΓA·BCU
BUC = 0 , (3.46)
where
ΓA·BC =
1
2
GAD (∂BGDC + ∂CGBD − ∂DGBC) , (3.47)
U (µ) =
dx(µ)
cdτ
= ΓU
(µ)
C , (3.48)
U [ρσ] = Ω[ρσ] =
dϕ[ρσ]
cdτ
= ΓΩ
[ρσ]
C , (3.49)
U αˆ = V αˆ =
drαˆ
cdτ
= ΓV αˆC , (3.50)
To describe a rotating and deformable particle, it is necessary to impose the certain
conditions on metrics GAB, which are considered in the following paragraph.
4 Splitting of the equations of motion
Let R14 denotes 14-dimensional space, and R4, H6 and Rˆ4 denote the background
space, covered by coordinates x(µ), a space of rotation and hyper-rotation angles ϕ[ρσ],
and internal space, covered by coordinates rαˆ, respectively. Similarly, R10, Rˆ10 and Rˆ8 be
denotations of spaces of coordinates {x(µ), ϕ[ρσ]}, {rαˆ, ϕ[ρσ]} and {x(µ), rαˆ}, respectively.
Thus, R4 = R10
⋂
Rˆ8, H6 = R10
⋂
Rˆ10, Rˆ4 = Rˆ8
⋂
Rˆ10. Obviously, it is possible
to present R14 in the form of the direct sum of spaces: R14 = R4 ⊕ H6 ⊕ Rˆ4 with
R10 = R4 ⊕H6, Rˆ10 = Rˆ4 ⊕H6, Rˆ8 = R4 ⊕ Rˆ4.
By definition, rotations and deformations inside of a particle are independent move-
ments, which are not depending on movement in background space R4 and from each
other. Therefore, all three spaces, R4, H6 and Rˆ4, should be in certain respects indepen-
dent and orthogonal to each other. This situation may be described from a viewpoint of
the embedded space theory. Actually, the space R14 is trivial embedding space, so that
R4 ⊂ R14, H6 ⊂ R14, Rˆ4 ⊂ R14. Because for a free particle we do not observe any
dependence of external movement (in R4) on internal variables, the space R4 appears to
be stationary hypersurface [32] in R14 defined by conditions ϕ
[ρσ] = 0, Ω[ρσ] = 0, rαˆ = 0,
V αˆ = 0. This leads to orthogonality of geodesics of the space R4 to geodesics of space
Rˆ10, written as a condition[
1
2
i˜[ρσ](µ)Ω
[ρσ] + c(µ)αˆV
αˆ
]
U (µ) = 0 . (4.1)
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Then (µ)-components of geodesic equations (3.35) in R14 give geodesic equations in R4:
U˙ (µ) + Γ
(µ)
·(λ)(κ)U
(λ)U (κ) = 0 , (4.2)
∇(µ)i˜[ρσ](ν) +∇(ν)i˜[ρσ](µ) = 2
∂η(µ)(ν)
∂ϕ[ρσ]
= 0 , (4.3)
∇(µ)c(ν)αˆ +∇(ν)c(µ)αˆ =
∂η(µ)(ν)
∂rαˆ
= 0 , (4.4)
where ∇(µ) denotes covariant derivative in R4,
Γ
(µ)
·(λ)(κ) =
1
2
η(µ)(ν)[∂(λ)η(ν)(κ) + ∂(κ)η(λ)(ν) − ∂(ν)η(λ)(κ)] (4.5)
are coefficients of connection in R4, which ought to be called an ”external connection”,
where η(µ)(ν) satisfy relations η(µ)(λ)η(λ)(ν) = δ
(µ)
·(ν).
The space Rˆ10 = Rˆ4 ⊕ H6 in turn is an embedding space for Rˆ4 and H6. Rˆ4 is
stationary hypersurface in Rˆ10 defined by conditions ϕ
[ρσ] = 0, Ω[ρσ] = 0. It leads both to
orthogonality of geodesics in Rˆ4 and H6,
1
2
ℓ˜[ρσ]αˆΩ
[ρσ]V αˆ = 0 , (4.6)
and to equations of motion
V˙ αˆ +Hαˆ
·βˆγˆ
V βˆU γˆ = 0 , (4.7)
∇αˆc(µ)βˆ +∇βˆc(µ)αˆ = ∂(µ)hαˆβˆ , (4.8)
∇αˆℓ˜[ρσ]βˆ +∇βˆ ℓ˜[ρσ]αˆ = 2
∂hαˆβˆ
∂ϕ[ρσ]
= 0 , (4.9)
where ∇αˆ denotes covariant derivative in Rˆ4,
Hαˆ
· βˆγˆ
=
1
2
hαˆδˆ[∂βˆηδˆγˆ + ∂γˆηβˆδˆ − ∂δˆηβˆγˆ] (4.10)
are coefficients of connection in Rˆ4, which ought to be called an ”internal connection” of
extended particle; hαˆβˆ satisfy relations hαˆγˆhγˆβˆ = δ
αˆ
· βˆ
.
The space R14 may be represented also as R14 = Rˆ8 ⊕ H6 and considered as
embedding space for Rˆ8 ⊂ R14. Then Rˆ8 is stationary hypersurface in R14 defined by
conditions ϕ[ρσ] = 0, Ω[ρσ] = 0. It leads both to orthogonality of geodesics in Rˆ8 and
H6 and to equations of motion, which in view of (4.2)-(4.4), (4.7)-(4.9) are led to the
equations
∂(µ)c(ν)αˆ − ∂(ν)c(µ)αˆ =
∂η(µ)(ν)
∂rαˆ
= 0 , (4.11)
∂(µ)ℓ˜[ρσ]αˆ + ∂αˆi˜[ρσ](µ) = 2
∂c(µ)αˆ
∂ϕ[ρσ]
= 0 , (4.12)
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∂βˆc(µ)αˆ − ∂αˆc(µ)βˆ = ∂(µ)hαˆβˆ = 0 . (4.13)
Orthogonality condition (4.6) is complemented with two more conditions
1
2
i˜[ρσ](µ)Ω
[ρσ]U (µ) = 0 , (4.14)
c(µ)αˆU
(µ)V αˆ = 0 . (4.15)
In deriving equations (4.2)-(4.4), (4.7)-(4.9), (4.11)-(4.13) we have been using an
independence (4.3), (4.4) of the background metric on coordinates ϕ[ρσ] and rαˆ, as well
as independence of the internal metric of the space Rˆ4 on coordinates x
(µ) and ϕ[ρσ],
following from equations (4.9) and (4.13). Instead of (4.4), (4.8), (4.11) and (4.13) one
may write
∇(µ)c(ν)αˆ = 0 , ∇αˆc(µ)βˆ = 0 . (4.16)
In view of orthogonality conditions (4.6), (4.14),(4.15) the relation (3.43) takes a
simple form
−1
4
˜˜j[ρσ][τω]Ω
[ρσ]
C Ω
[τω]
C + hαˆβˆV
αˆ
C V
βˆ
C = 0 , Σ = σ . (4.17)
Let us clarify this relation in simplest case when i) background space is the Minkowski
space R4 ≡ ER1,3 with the metric η = {η(µ)(ν)} = diag(+1,−1,−1,−1), and ii) l.h.s. of
the equation (2.7) does not depend on angular variations, i.e. dµ· [λκ] = 0. In this case we
have i[µν](λ) = i
0
[µν](λ), j[µν][λκ] = j
0
[µν][λκ]. In the reference frame of the ”center of inertia”
the motion of the point M is describing by the deformation tensor hαˆβˆ, being an internal
metric, defined by a character of internal movements. On the other hand, in this case hαˆβˆ
should coincide with an external metric gµν , so that b
µ
· αˆ = δ
µ
· αˆ, and relation (3.35) takes
a form hαˆβˆ = gµνδ
µ
· αˆδ
ν
· βˆ
, or gµν = hαˆβˆδ
αˆ
· µδ
βˆ
· ν .
Let us introduce following notations
Ω(k) =
1
2
ε(k)(l)(m)Ω
[lm]
C , B
(k) = Ω
[0k]
C . (4.18)
Obviously, Ω(k) is a component of pseudovector Ω = {Ω(k)} of angular velocity of rotation
of the object in the plane (l, m), perpendicular to the axis (k); B = {B(k)} is some vector,
whose physical meaning will have to clarify yet. Then the equation (4.17) may be write
down in the form
−[Ω× r]2 − 2r0ˆ(B · [Ω× r]) + (r0ˆ)2B2 − (r ·B)2 + hαˆβˆV αˆC V βˆC = 0 , (4.19)
where scalar and vector products are determined relative to background metric:
[Ω× r](k) = ε(k)(l)(m)η(m)αˆΩ(l)rαˆ , [Ω× r]2 = r2Ω2 − (r ·Ω)2 , (4.20)
(B · [Ω× r]) = −η(m)(k)B(m)[Ω× r](k) , (4.21)
r2 = −η(m)(n)δ(m)· αˆ δ(n)· βˆr
αˆrβˆ , B2 = −η(m)(n)B(m)B(n) , Ω2 = −η(m)(n)Ω(m)Ω(n) , (4.22)
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(r ·Ω) = δ(m)· αˆ rαˆΩ(m) , (r ·B) = −η(m)αˆB(m)rαˆ . (4.23)
In the reference frame of the ”center of inertia” the orthogonality condition (4.6)
looks as follows
1
2
ℓ˜[µν]αˆΩ
[µν]V αˆC = [e
(0)
· α(r ·B)− r0ˆ(eα ·B)− (eα · [Ω× r])]V αˆC = 0 , (4.24)
where vectors eα = {e(m)· α } are spatial components of moving 4-hedron and
(eα ·B) = −η(m)(n)e(m)· αˆB(n) , (eα · [Ω× r]) = −η(m)(n)e(m)· αˆ [Ω× r](n) . (4.25)
Conditions (4.14) and (4.15) in arbitrary reference frame look as
1
2
i˜[µν](λ)Ω
[µν]U (λ) = V 0ˆC(r ·B)− r0ˆ(VC ·B)− (VC · [Ω× r]) = 0 , (4.26)
c(µ)αˆU
(µ)V αˆC = c(0)αˆU
(0)V αˆC + c(m)αˆU
(m)V αˆC = 0 . (4.27)
In the reference frame of the ”center of inertia”, where U (0) = 1, U (m) = 0, conditions
(4.24) (4.26), (4.27) are reduced to
(VC · {−r0ˆB+ [Ω× r]}) = 0 , (4.28)
(r ·B) = 0 , (4.29)
hαˆβˆe
αˆ
· (0)V
βˆ
C = 0 . (4.30)
where
VC = V
αˆ
C eα = {V (m)C } = {V αˆC e(m)· α } . (4.31)
It follows from (4.28), that
r0ˆB = [Ω× r] + [VC ×K] . (4.32)
As well it follows from (4.29) and (4.32), that (r · [VC×K]) = (K · [r×VC]) = 0. Hence,
pseudovector K, perpendicular to the vector VC and lying in the plane formed by the
vectors r and VC, equals to K = a[VC × [r×VC]], whence
r0ˆB = [{Ω+ aV2CVC} × r] . (4.33)
If pseudoscalar a = 0, then the vector B is parallel to the vector [Ω× r] of linear velocity
of the motion of the point M around the axis Ω due to only rotation of extended object,
and condition (4.29) is fulfilled automatically. In view of (4.33) the condition (4.19) in
the case above takes the form
a2V4C[r×VC]2 − 2[Ω× r]2 + hαˆβˆV αˆC V βˆC = 0 . (4.34)
Orthogonality conditions (4.6), (4.14) and (4.15) imply, that equations of motion
(3.46) in the space R14 are splitted in equations (4.2), (4.3), (4.7), (4.9), (4.12) and
14
(4.16). These equations may be written down in the other form by the introduction of
the generalized momenta, conjugated with coordinates x(µ), rαˆ, ϕ[ρσ].
As it is well known, equations (3.46), determining a motion of point M, one can
obtain from the action, representable similar to the relativistic mass point action in the
form
J =
∫
Lcdτ = −c
∫
[ΣdS2]1/2 , (4.35)
where dS2 is defined in (3.30), and the mass of the point is supposed to be unit.
We define the specific generalized momenta
p(µ) = − ∂L
c∂U (µ)
= Σc
[
η(µ)(ν)U
(ν) +
1
2
i˜[ρσ](µ)Ω
[ρσ] + c(µ)αˆV
αˆ
]
=
= pC(µ) + p
rot
(µ) + p
M
(µ) ; (4.36)
s[λκ] = − ∂L
c∂Ω[λκ]
= Σc
[
−1
4
˜˜j[λκ][ρσ]Ω
[ρσ] +
1
2
i˜[λκ](ν)U
(ν) +
1
2
ℓ˜[λκ]αˆV
αˆ
]
=
=
1
2
i˜[λκ](µ)p(ν) = s
rot
[λκ] + s
C
[λκ] + s
M
[λκ] , (4.37)
παˆ = − ∂L
c∂V αˆ
= Σc
[
hαˆβˆV
βˆ + c(ν)αˆU
(ν) +
1
2
ℓ˜[ρσ]αˆΩ
[ρσ]
]
=
= c(µ)αˆη
(µ)(ν)p(ν) = π
M
αˆ + π
C
αˆ + π
M
αˆ , (4.38)
and generalized forces fA = −∂L/∂XA. Then in view of (4.2)-(4.18) equations (3.35) are
splitted in system of the following equations
Dηp
C
(µ)
cdτ
=
dpC(µ)
cdτ
− Γ(ρ)· (µ)(ν)U (ν)pC(ρ) = 0 , (4.39)
Dηp
rot
(µ)
cdτ
=
Σc
16
[
∂i˜[λκ](µ)
∂ϕ[ρσ]
− 1
2
∂(µ)
˜˜j[λκ][ρσ]
]
Ω[λκ]Ω[ρσ] , (4.40)
Dηp
M
(µ)
cdτ
=
Σc
2
[˜
i[λκ](µ)Ω˙
[λκ] − 1
8
∂(µ)
˜˜j[λκ][ρσ]Ω
[λκ]Ω[ρσ]
]
=
=
Σc
2
i˜[λκ](ν)
[
δ
(ν)
· (µ)Ω˙
[λκ] +
1
4
η(ν)(τ)∇(µ) i˜[ρσ](τ)Ω[λκ]Ω[ρσ]
]
; (4.41)
Dhπ
M
αˆ
cdτ
=
dπMαˆ
cdτ
−H γˆ
· αˆβˆ
V βˆπMγˆ = 0 , (4.42)
Dhπ
rot
αˆ
cdτ
=
Σc
8
[
∂ℓ˜[λκ]αˆ
∂ϕ[ρσ]
− 1
4
∂αˆ
˜˜j[λκ][ρσ]
]
Ω[λκ]Ω[ρσ] , (4.43)
Dhπ
M
αˆ
cdτ
=
Σc
2
[
ℓ˜[λκ]αˆΩ˙
[λκ] − 1
8
∂αˆ
˜˜j[λκ][ρσ]Ω
[λκ]Ω[ρσ]
]
=
15
=
Σc
2
ℓ˜[λκ]βˆ
[
δβˆ· αˆΩ˙
[λκ] +
1
4
hβˆγˆ∇αˆℓ˜[ρσ]γˆΩ[λκ]Ω[ρσ]
]
; (4.44)
ds[µν]
cdτ
=
1
2
η(λ)(κ)p(λ)
∂i˜[ρσ](κ)
∂ϕ[µν]
Ω[ρσ] , (4.45)
dsrot[µν]
cdτ
= 2
d(sC[µν] + s
M
[µν])
cdτ
+
Σc
2
˜˜j[µν][ρσ]Ω˙
[ρσ]−
−η(λ)(κ)(pC(λ) + pM(λ))
∂i˜[µν](κ)
∂ϕ[ρσ]
Ω[ρσ] . (4.46)
Orthogonality conditions (4.6), (4.14), (4.15) reduce the interval (3.38) to the form
dS2 = Σc2dτ 2 = η(µ)(ν)dx
(µ)dx(ν) − 1
4
˜˜j[λκ][ρσ]dϕ
[λκ]dϕ[ρσ] + hαˆβˆdr
αˆdrβˆ (4.47)
with additional condition that ˜˜j[λκ][ρσ]Ω
[λκ]Ω[ρσ] does not depend on x(µ), but, generally
speaking, may depend on ϕ[λκ]. Starting from (4.3), (4.9), (4.12) and (4.16) one may
show, that
∂αˆi˜[ρσ](µ) = η
(ν)(τ)c(ν)αˆ∇(τ)i˜[ρσ](µ) , (4.48)
∂αˆ
˜˜j[λκ][ρσ] = η
(ν)(τ)c(ν)αˆ∂(τ)
˜˜j[ρσ][λκ] . (4.49)
Now, independent conditions (4.3), (4.12) and (4.48) are remained instead of inter-
dependent conditions (4.3), (4.9), (4.12) and (4.16). All the other relations (4.4), (4.8),
(4.9), (4.11)-(4.13), (4.16) and (4.49) are their consequences. Interdependency of these re-
lations is result of degeneracy of the metric GAB. It is manifested also in connection (4.37),
(4.38) between p(µ), s[λκ] and παˆ. Owing to this fact equations of motion (4.39)-(4.46)
reduce to only three ones: (4.39), (4.42) and
dsrot[µν]
cdτ
= −Σc
8
∂˜˜j[λκ][ρσ]
∂ϕ[µν]
Ω[λκ]Ω[ρσ] . (4.50)
Quantity pC(µ) is a specific momentum of the ”center of inertia”, π
M
αˆ is a momentum
of point M relative to the ”center of inertia”, caused by movement of substance inside
extended object, srot[µν] is angular momentum of point M relative to the ”center of inertia”,
caused by rotation of this object. As to dependence of the inertia tensor on ϕ[µν] it is
reasonable to require it to be invariant under translations on angular variables ϕ[mn],
m,n = 1, 2, 3. Because of an obscurity of variables ϕ[0n] it would be necessary, generally
speaking, to conserve some freedom in dependence of the inertia tensor on these variables.
However, linking srot[µν] with spin of the particle (which should be determined individually)
and taking into account the observable fact, that spin of free particles conserves its value,
we shall require a translational invariance on ϕ[0n] as well. It leads to the equation
dsrot[µν]/cdτ = 0, which means Ω
[µν] = const.
Thus, we have gave one of possible variants of the description of free relativistic
extended particle, where it is necessary to start from the equations of motion (4.39),
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(4.42) and (4.50). If the background space is the Minkowski space, then conservation of
spin (or angular velocity of rotation) as well as conservation of momentum of extended
particle take place as consequences of these equations. Even in this case the internal space
is curved.
5 Degeneracy of the metric
Let us summarize the results obtained above. Firstly, representation of the space-
time interval (3.38) of the world line of a point M inside of a particle in 14-dimensional
space, covered by the center-of-inertia, angular and deformational coordinates, in the form
(4.47) is possible provided imposing the orthogonality conditions (4.6), (4.14), (4.15).
This is equivalent to splitting of R14 in three subspaces R4, H6 and Rˆ4. In this case
the general equation of motion (3.46) also splits in equation (4.2) (or (4.39)) of center-
of-inertia motion, equation (4.7) (or (4.42)) of motion of the point M in Rˆ4 relative to
the center of inertia, which does not depend on external motions, and equation (4.50)
of rotational motion of the point M around the center of inertia. Secondly, the interval
(4.47) along world line of a point M in R14 turns out to be equivalent to the interval (3.41)
along center-of-inertia world line in R4 provided fulfillment of condition (4.17). This fact
makes possible to introduce time coinciding with proper time of the center of inertia in
all points of the region in R4, occupied by an extended object. Thirdly, equivalence of
intervals (4.47) and (3.41) means the metric GAB of the space R14 be degenerate and have
rank which is equal to the rank of background metric.
Obtained results are compatible with the theory of degenerate Riemannian spaces [33],
according to which the space R14 is reducible and there take place relations:
∂αˆη(µ)(ν) = 0 , ∂[λκ]η(µ)(ν) = 0 , ∂[λκ]hαˆβˆ = 0 ; (5.1)
∇(µ)c(ν)αˆ = 0 , ∇αˆc(µ)βˆ = 0 , ∂[λκ]c(µ)αˆ = 0 ; (5.2)
∇(µ)i˜(ν)[λκ] = 0 , ∂αˆi˜(µ)[λκ] = 0 , ∂[λκ]˜i(µ)[ρσ] = 0 ; (5.3)
∂(µ)ℓ˜αˆ[λκ] = ∂(µ)ℓ˜[λκ]αˆ = 0 , ∇βˆ ℓ˜αˆ[λκ] = 0 , ∂[λκ]ℓ˜αˆ[ρσ] = 0 ; (5.4)
∂(µ)hαˆβˆ = 0 , ∂(µ)
˜˜j[λκ][ρσ] = 0 , ∂αˆ
˜˜j[λκ][ρσ] = 0 . (5.5)
Relations (5.1)-(5.3) are independent and compatible with both relations (4.3), (4.16) and
equations of motion (4.39), (4.42) and (4.50). However, it follows from the last equation
in (5.5) that even for absolutely rigid body, when inertia tensor has the form (3.1) (or
(3.15)), j0[λκ][ρσ] = 0 due to identity
rαˆ∂αˆ(r
2
ηD
(µ)(ν)) = 2r2ηD
(µ)(ν) , (5.6)
whence
rαˆ∂αˆj
0
[λκ][ρσ] = 2j
0
[λκ][ρσ] , r
αˆ∂αˆ
˜˜j0[λκ][ρσ] = 2
˜˜j0[λκ][ρσ] . (5.7)
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In the general case condition ∂αˆ
˜˜j[λκ][ρσ] = 0 (more exactly, two conditions, ∇αˆc(µ)βˆ = 0
and ∂αˆi˜(µ)[λκ] = 0) expresses restriction to movement of substance inside of an extended
object, and it is not necessarily this condition leads to j[λκ][ρσ] = 0.
It follows from the last condition in (5.3) that ∂[µν]
˜˜j[λκ][ρσ] = 0. Then equation of
motion (4.50) means, that all internal points are rotating with the same constant angular
velocity. In the general case it is not quite necessarily. Therefore condition ∂[µν]i˜(µ)[ρσ] = 0,
as well as some other conditions (5.1)-(5.3), is not necessary too.
It should be noted that the main result of splitting of equation of motion have to
be in geodesic motion of the center of inertia in the background space R4 and geodesic
motion of the point M in the internal space Rˆ4 provided the rotation is absent. Moreover,
total proper angular momentum, which may be defined as
S[µν] =
∫
V
ρsrot[µν]dV , (5.8)
where ρ is mass density, V is volume of the region, occupied by extended object, should
be conserved. Obviously, it follows from j[λκ][ρσ] = 0 that S[µν] = 0. Such an object may
be associated with scalar particle.
We shall consider more adequate model, in which R14 is trivial embedding space for
R4 and Rˆ10, but Rˆ10 is not an embedding space for Rˆ4 and H6. In this case coefficients of
connection Γαˆ
· βˆ[λκ]
, Γ
[ρσ]
· βˆ[λκ]
, Γαˆ· [ρσ][λκ], Γ
[λκ]
· αˆβˆ
are, in general, not equal to zero and instead
of conditions (5.1)-(5.5) there will be fulfilled conditions [33]
∂αˆη(µ)(ν) = 0 , ∂[λκ]η(µ)(ν) = 0 ; (5.9)
∇(µ)c(ν)αˆ = ∂(µ)c(ν)αˆ − Γ(λ)· (µ)(ν)c(λ)αˆ = 0 , (5.10)
∇αˆc(µ)βˆ = ∂αˆc(µ)βˆ −H γˆ· αˆβˆc(µ)γˆ −
1
2
Γ
[λκ]
· αˆβˆ
i˜(µ)[λκ] = 0 ; (5.11)
∇[λκ]c(µ)αˆ = ∂[λκ]c(µ)αˆ − Γγˆ· [λκ]αˆc(µ)γˆ −
1
2
Γ
[ρσ]
· [λκ]αˆi˜(µ)[ρσ] = 0 ; (5.12)
∇(µ) i˜(ν)[λκ] = ∂(µ) i˜(ν)[λκ] − Γρ· µν i˜(ρ)[λκ] = 0 , (5.13)
∇αˆi˜(µ)[λκ] = ∂αˆi˜(µ)[λκ] − 2Γγˆ· αˆ[λκ]c(µ)γˆ − Γ[ρσ]· αˆ[λκ]i˜(µ)[ρσ] = 0 , (5.14)
∇[λκ]˜i(µ)[ρσ] = ∂[λκ]˜i(µ)[ρσ] − 2Γγˆ· [λκ][ρσ]c(µ)γˆ − Γ[τω]· [λκ][ρσ]i˜(µ)[τω] = 0 , (5.15)
Conditions (5.5), which also should be fulfilled, are consequence of (5.9)-(5.15). Connec-
tions ΓA· BC are determined from vanishing of covariant derivatives [33]:
GAB ; C = 0 , g
e
A
; B
= 0 , (A,B = (µ), αˆ, [λκ]) , (5.16)
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where GAB is degenerate metric of original 14-dimensional space (rank(GAB) = 4), and
g
e
A (e = 1, 2, ..., 10) are ten linearly independent solutions of the equation GABg
e
B = 0,
which gives
g
e
(µ) = −η(µ)(ν)
[
c(ν)αˆg
e
αˆ +
1
2
i˜(µ)[λκ]g
e
[λκ]
]
, (5.17)
with the requirement det(g
e
a) 6= 0 (a = αˆ, [λκ]). For ΓA· BC = ΓA· CB we receive following
expressions:
Γ
(λ)
· (µ)(ν) =
1
2
η(λ)(κ)[∂(µ)η(κ)(ν) + ∂(ν)η(µ)(κ) − ∂(κ)η(µ)(ν)] , (5.18)
Γ
(λ)
· ab = 0 . (5.19)
As it was shown above, imposing of orthogonality conditions (4.6), (4.14), (4.15) leads to
equivalency of metrics1) (3.38) (or (3.45)) and (4.47) and gives following expressions for
the rest coefficients of connection:
Γa· (µ)(ν) = 0 , Γ
a
· (µ)b = 0 , Γ
[µν]
· αˆβˆ
= 0 , (5.20)
Γαˆ
· βˆγˆ
=
1
2
hαˆδˆ[∂βˆhδˆγˆ + ∂γˆhβˆδˆ − ∂δˆhβˆγˆ ] .= H αˆ· βˆγˆ , (5.21)
Γαˆ
· βˆ[λκ]
=
1
4
hαˆδˆ∂[λκ]hδˆβˆ , (5.22)
Γαˆ· [µν][λκ] =
1
8
hαˆδˆ∂δˆ
˜˜j[µν][λκ] , (5.23)
Coefficients of connection Γ
[µν]
· αˆ[λκ] and Γ
[µν]
· [λκ][ρσ] may be found from the metric
(4.47). Then equivalency of two metrics gives a system of differential equations for g
e
a:
∂βˆg
e
αˆ +H αˆ
· βˆγˆ
g
e
γˆ +
1
2
Γαˆ
· βˆ[λκ]
g
e
[λκ] = 0 , (5.24)
∂[λκ]g
e
αˆ + Γαˆ· [λκ]γˆg
e
γˆ +
1
2
Γαˆ· [λκ][ρσ]g
e
[ρσ] = 0 , (5.25)
∂αˆg
e
[λκ] +
1
2
Γ
[λκ]
· αˆ[ρσ]
g
e
[ρσ] = 0 , (5.26)
∂[µν]g
e
[λκ] + Γ
[λκ]
· [µν]γˆ
g
e
γˆ +
1
2
Γ
[λκ]
· [µν][ρσ]
g
e
[ρσ] = 0 . (5.27)
Equations of motion for the case above may be written in the form
Dηp(µ)
cdτ
=
dp(µ)
cdτ
− Γ(ρ)· (µ)(ν)U (ν)p(ρ) = 0 , (5.28)
1Metrics, which give the same equations of motion, are equivalent. If they are not degenerate, then
equivalence reduces to proportionality of the metrics with constant coefficient of proportionality.
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ds[µν]
cdτ
= −Σc
8
∂[µν]
˜˜j[λκ][ρσ]Ω
[λκ]Ω[ρσ] +
Σc
2
∂[µν]hαˆβˆV
αˆV βˆ , (5.29)
Dhπαˆ
cdτ
=
dπαˆ
cdτ
−H γˆ
· αˆβˆ
V βˆπγˆ = −Σc
8
∂αˆ
˜˜j[λκ][ρσ]Ω
[λκ]Ω[ρσ] , (5.30)
where
p(µ) = − ∂L
c∂U (µ)
= Σcη(µ)(ν)U
(ν) = pC(µ) , (5.31)
s[λκ] = − ∂L
c∂Ω[λκ]
= −Σc
4
˜˜j[λκ][ρσ]Ω
[ρσ] = srot[λκ] , (5.32)
παˆ = − ∂L
c∂V αˆ
= ΣchαˆβˆV
βˆ = πMαˆ . (5.33)
The requirement of conservation of proper angular momentum of an extended object gives
conditions
∂[mn]
˜˜j[λκ][ρσ] = 0 , ∂[mn]hαˆβˆ = 0 , (5.34)
∂[0n]
[
hαˆβˆV
αˆV βˆ − 1
4
˜˜j[λκ][ρσ]Ω
[λκ]Ω[ρσ]
]
= 0 . (5.35)
In the variant considered above, as before, there takes place geodesic motion of the
center of inertia in R4. The motion of the point M in Rˆ4, being not geodesic in general,
becomes geodesic one when Ω[µν] = 0.
6 Internal metric
Up to this place a structure and size of extended objects were bounded by nothing.
Therefore in this Section we shall discuss properties of internal space and try to build its
metric in the case when spatial rotations are absent, i.e. when Ω[ab] = 0.
Internal space Rˆ4 is covered with vectors r
αˆ of arbitrary points M relative to the
center of inertia C. In the interval (4.47), describing a motion of the point M, quantity τ
is proper time of the center of inertia. Therefore this interval should have the same value
for another point M′ from the manifold Rˆ4, i.e. for all vectors r
αˆ labelling all points of an
extended object. In other words, this interval must be invariant relative to any admissible
transformations in Rˆ4. Thus, all points of extended object have the same proper time
coinciding with the proper time of the center of inertia. In Section 4 there were shown
that it is possible provided condition (4.17) be implied. In the case above this condition,
having the form (equation (4.34))
a2V4C[r×VC]2 + hαˆβˆV αˆC V βˆC = 0 , (6.1)
when Ω[mn] = 0, should be considered along with orthogonality condition (4.15), reducing
to condition (4.30).
Because a particle is bounded in space-time R4, one should choose as Rˆ4 manifolds
with finite geodesics (not necessarily closed ones), which are bounded by some domain in
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R4 when the center of inertia is in rest. Such a domain may be considered as interiority
of an extended particle. Obviously, this domain will seem as world four-dimensional tube
in R4 in the case of moving center of inertia. For simplest approximations one may
choose the Minkowski space-time as Rˆ4, corresponding to infinitely extended particle,
internal substance of which is moving with constant velocity, for bµ· αˆ in this case form a
matrix of Lorentz transformations (see formulae (2.1), (2.9) and (3.35)). Although such
an approximation, certainly, does not both correspond to reality and satisfy to condition
of finiteness of geodesics, it may lead in quantum case to sufficiently simple relativistic
wave equations of harmonic oscillator type.
Usually physical bodies and elementary particles are considered to be extended
in three-dimensional space, and this fact is observable. Theoretically it is attained by
imposing of specific limitations (such as Yukawa condition pµx
µ = 0, which looks in
our case as η(µ)(ν)c(ν)αpµr
αˆ = 0) to relativistic description for elimination of temporal
excitations. In the model under consideration conditions (4.30) and (6.1) may be treated
as limitations of mentioned type.
In so far as we give here a relativistic description, it is reasonably to suppose, that
particles (and maybe also macroscopic bodies) have an extension in temporal axis too,
so that visible three-dimensional objects are cross sections of four-dimensional ones by
the hyperplane r0ˆ = 0 2. This idea logically follows from successive interpretation of the
space and time as four-dimensional continuum. It should be noted in this connection,
that components ϕ[0n] are not specified by the Lorentz transformations. It is naturally
to require certain principle of correspondence to be fulfilled between relativistic and non-
relativistic descriptions. Obviously, passage from relativity to nonrelativistic descriptions
means not only U ≪ c, where U is a velocity of the center of inertia, but also r0ˆ = 0,
which is equivalent to Yukawa condition.
Let us define square of the vector rαˆ with the help of components c(µ)αˆ of fixed
4-hedron in R4 (see (3.37)) by means of the formula
r2 = η(µ)(ν)c(µ)αˆc(ν)βˆr
αˆrβˆ = h0
αˆβˆ
rαˆrβˆ , (6.2)
where h0
αˆβˆ
= hαˆβˆ(r
γˆ = 0) is the metric of the space, which is associated with deformational
geodesic motion of substance in the vicinity of the center of inertia. (6.2) represents a
squared pseudo-distance between points in R4 relative to background metric. It reduces
to r2 = (r0ˆ)2 − r2 in the Minkowski space. In the non-relativistic limit the quantity r2
should reduce to r2NR = h
0
aˆbˆ
raˆrbˆ < 0, aˆ, bˆ = 1ˆ, 2ˆ, 3ˆ (r2NR = −r2 in the Minkowski space).
Therefore one should require the vector rαˆ to be space-like one, r2 < 0 (see also [34]). If rαˆ
will be time-like vector, then r0ˆ = 0 cannot be assumed in this case, i.e. one cannot pass
to non-relativistic limit. However, one may put raˆ = 0, which corresponds to collapsing
of the object to a point in three-dimensional space Rˆ3 ⊂ Rˆ4. But it means not passage
to mass point, but a disappearance of the object from Rˆ3. Therefore, for confining of the
2For the first time an idea of four-dimensionally extended particles was promoted by M.A.Markov [9].
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domain in Rˆ4 ⊂ R4 one should put
−R20 < r2 = hαˆβˆrαˆrβˆ ≤ 0 (6.3)
for any vector rαˆ from the manifold Rˆ4. Here r
2 = 0 implies rαˆ = 0, i.e. motion of the
point M coincides in this case with the motion of the center of inertia.
The interval (4.47) must be invariant under any transformation of the vector rαˆ,
satisfying to condition (6.3). Relevant transformation may be written similar to formula
of velocity composition in Special Relativity [35], [36]. To do so we shall consider five-
dimensional space with the interval
ds2 = ηabdξ
adξb = hαˆβˆdξ
αˆdξβˆ + η5ˆ5ˆ(dξ
5ˆ)2 =
= (dξ 0ˆ)2 − (dξ 1ˆ)2 − (dξ 2ˆ)2 − (dξ 3ˆ)2 − (dξ 5ˆ)2 , (6.4)
where η5ˆ5ˆ = ±1. In this space one may consider analogs of inertial reference frame of
standard Minkowski space. Let ραˆ denotes a 3+1-dimensional analog of 3-vector of relative
velocity of inertial frames. Like as coordinates in two reference frames are coupled by the
Lorentz transformation, where 3-vector of relative velocity is a parameter, in our case an
analog of the Lorentz transformation will have the form [35]
L = 1 +
γ
R0
ρˆ+
γ − 1
R20β
2
ρˆ2 , (6.5)
where γ = (1−β2)−1/2, ρˆ = h0
αˆβˆ
ραˆ(eβˆ5ˆ−e5ˆβˆ), eab are elements of complete matrix algebra,
satisfying to relations [37], [38]
eabecd = ηbcead , (eab)c· d = η
abδb· d , (a, ..., d = 0ˆ, 1ˆ, 2ˆ, 3ˆ, 5ˆ) . (6.6)
Quantity
β2 =
1
2R20
Sp(ρ2) = −η
5ˆ5ˆ
R20
ηαˆβˆρ
αˆρβˆ = −η
5ˆ5ˆ
R20
h0
αˆβˆ
ραˆρβˆ = −η
5ˆ5ˆ
R20
[(ρ0ˆ)2 − ρ2] = −η
5ˆ5ˆρ2
R20
(6.7)
varies in the interval 0 ≤ β2 < 1, i.e. −R20 < ρ2 ≤ 0 for η5ˆ5ˆ = +1 and 0 ≤ ρ2 < R20
for η5ˆ5ˆ = −1. Obviously, in the case under consideration one should choose η5ˆ5ˆ = +1.
Defining in systems K and K′ quantities, similar to velocities
rαˆ = R0
dξαˆ
dξ 5ˆ
, ′rαˆ = R0
d ′ξαˆ
d ′ξ 5ˆ
, (6.8)
we find a transformation of the velocity composition law type
′rαˆ = R0
Lαˆ
· βˆ
rβˆ +R0L
αˆ
· 5ˆ
L5ˆ
· βˆ
rβˆ +R0L5ˆ· 5ˆ
=
rαˆ + ραˆ + (γ − 1)
[
1− h
0
βˆγˆ
rβˆργˆ
β2R20
]
ραˆ
γ
[
1− h
0
βˆγˆ
rβˆργˆ
R20
] . (6.9)
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This is a desired transformation, which should be completed with three-dimensional ro-
tations of the vector rαˆ. It is easily to see, that vectors rαˆ and ′rαˆ satisfy condition (6.3).
Thus, variations of parameters ραˆ and parameters, corresponding to three-dimensional
rotations of the vectors rαˆ, give all points of the space Rˆ4.
Now we require the interval (4.47) to be invariant under these transformations.
Thereby a domain, occupied by four-dimensionally extended object, is bounded with size
R0. Because temporal sizes are not observable R0 be maximal radius of observable three-
dimensional cross section of this object. As it follows from (6.9), if points M and M′ are
at a short distance, infinitesimal transformation, connecting their radius vectors rαˆ and
′rαˆ, has the form
′rαˆ = rαˆ

1 + h0βˆγˆrβˆργˆ
R20

+ ραˆ . (6.10)
Variation d ′rαˆ in the point M′ may be found from differential of (6.10) when ραˆ = const:
d ′rαˆ =



1 + h0γˆδˆrγˆρδˆ
R20

 δαˆ
· βˆ
+
rαˆh0
βˆγˆ
ργˆ
R20

 drβˆ . (6.11)
Value of a metric hαˆβˆ in the point M
′ is defined by
hαˆβˆ(
′rσˆ) = hαˆβˆ(r
σˆ) +
∂hαˆβˆ
∂rγˆ
[
ργˆ + rγˆ
h0
δˆσˆ
rδˆρσˆ
R20
]
=
=
[
δµˆ· αˆδ
νˆ
· βˆ
+ (H µˆ· αˆγˆδ
νˆ
· βˆ
+H νˆ
· γˆβˆ
δµˆ· αˆ)
(
ργˆ + rγˆ
h0
δˆσˆ
rδˆρσˆ
R20
)]
hµˆνˆ(r
αˆ) . (6.12)
When rotations are absent an invariance of the interval (4.47) under transformations (6.9)
reduces to condition hαˆβˆ(r
σˆ)drαˆdrβˆ = hαˆβˆ(
′rσˆ)d ′rαˆd ′rβˆ. From here we get a relation
(hαˆβˆh
0
γˆσˆ + hαˆσˆh
0
γˆβˆ
)rσˆ + (R20 δ
νˆ
· γˆ + h
0
γˆσˆr
σˆrνˆ)H δˆ· αˆνˆhδˆβˆ = 0 , (6.13)
being actually an equation for metric. Assuming, that the most general form of the metric
is
hαˆβˆ = χαˆβˆ + (aαˆh
0
βˆγˆ
+ aβˆh
0
αˆγˆ)r
γˆ + b h0αˆγˆh
0
βˆδˆ
rγˆrδˆ , (6.14)
where χαˆβˆ, aαˆ, b are functions only on variables r
2 = h0
αˆβˆ
rαˆrβˆ and η = kαˆr
αˆ (kαˆ is constant
vector), we find ∂hαˆβˆ/∂η = 0, aαˆ = 0 and
hαˆβˆ =
(
1 +
r2
R20
)−1
h0
αˆβˆ
−
(
1 +
r2
R20
)−2 h0αˆγˆh0βˆδˆrγˆrδˆ
R20
, (6.15)
hαˆβˆ =
(
1 +
r2
R20
)[
hαˆβˆ0 +
rαˆrβˆ
R20
]
, hαˆγˆh
γˆβˆ = δβˆ· αˆ . (6.16)
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Let us find field equation for this metric. Connections, curvature tensor, Ricci tensor,
scalar curvature and Einstein tensor are
H αˆ
· βˆγˆ
= − 1
R20
(
1 +
r2
R20
)−1
(δαˆ
· βˆ
h0
γˆδˆ
+ δαˆ· γˆh
0
βˆδˆ
)rδˆ . (6.17)
Rµˆ
· νˆαˆβˆ
= ∂[αˆH
µˆ
· |νˆ|βˆ]
+H µˆ· γˆ[αˆH
γˆ
· |νˆ|βˆ]
=
η
R20
(hνˆβˆδ
µˆ
· αˆ − hνˆαˆδµˆ· βˆ) , (6.18)
Rαˆβˆ = R
µˆ
· αˆµˆβˆ
=
3
R20
hαˆβˆ = λhαˆβˆ , (6.19)
R = hαˆβˆRαˆβˆ =
12
R20
, (6.20)
Gαˆβˆ = Rαˆβˆ −
1
2
Rhαˆβˆ = −
3
R20
hαˆβˆ = −κ0Tαˆβˆ , (6.21)
respectively, where Tαˆβˆ = 3κ
−1
0 R
2
0hαˆβˆ = λκ
−1
0 hαˆβˆ is the energy-momentum tensor, λ = 3R
2
0
is cosmological constant, κ0 = 8πG/c
4 = 2, 0759 · 10−43 N−1 is Einstein gravitational con-
stant. Equation (6.19) shows, that the Ricci tensor is of λ-term type, while the energy-
momentum tensor describes a perfect fluid with pressure p = λκ−10 and energy density µ,
satisfying to relation p+ µ = 0 ([39], 5.2), which gives µ = −λκ−10 < 0. To satisfy a con-
dition of positiveness of the energy density, we shall make a substitution µ′ = µ+ Λκ−10 ,
p′ = p− Λκ−10 , so that condition µ′ > 0 be fulfilled. Then, obviously, p′ + µ′ = p+ µ = 0
and equation (6.21) will be written down in the next form
Rαˆβˆ −
1
2
Rhαˆβˆ + Λhαˆβˆ = −
(
3
R20
− Λ
)
hαˆβˆ = −κ0T ′αˆβˆ = −κ0Tαˆβˆ + Λhαˆβˆ . (6.22)
Thus, introduction of cosmological constant is rather artificial step here.
We shall say also some words about the requirement µ > 0. It is stipulated by the
fact, that Einstein equations (6.21) describe, as it is generally adopted, an external field
of gravitating masses, obeying to the Newton’s world gravity law Fγ = −Gm1m2r−3r in
the non-relativistic approximation. However, Einstein equations have wider interpreta-
tion, for they describe arbitrary curved space (without torsion). Particularly, one may
consider they to describe also a field of electric charge, which in the non-relativistic limit
of point charge reduces to the Coulomb law Fe = (4πε0r
3)−1e1e2r. Taking into account
that Newton’s and Coulomb’s laws have the same form and differ, besides of the sense
of quantities, with only sign, it is reasonably to assume, that in the case, when Ein-
stein equations describe a field of electron, the constant G should be substituted with
−e2(4πε0m2e)−1 = −αh¯c/m2e ≈ −2, 78 · 1032 m3/(kg · s2), where me is the electron rest
mass. Then the constant κ0 will have the next value
κ0 = − 8πe
2
4πε0m2ec
4
= − 4αh
m2ec
3
≈ −0, 865 N−1 . (6.23)
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Since energy density is the 0ˆ0ˆ-component of the energy-momentum tensor
µ = T 0ˆ0ˆ = h0ˆαˆh0ˆβˆTαˆβˆ = −
3
κ0R20
(
1 +
(r0ˆ)2 − r2
R20
)(
1 +
(r0ˆ)2
R20
)
, (6.24)
then mass of extended object will be equal to
m0 =
1
c2
∫
V
µdV = − 3
κ0c2R20
∫
V
(
1 +
r2
R20
)(
1 +
(r0ˆ)2
R20
)
dV . (6.25)
If µ does not depend on r0ˆ (what is rather strong condition), then (6.24) leads to
∂
∂r0ˆ
[(
1 +
(r0ˆ)2 − r2
R20
)(
1 +
(r0ˆ)2
R20
)]
=
2r0ˆ
R20
(
2 +
2(r0ˆ)2 − r2
R20
)
= 0 , (6.26)
whence there follow two possibilities
a) r0ˆ = 0 , (6.27)
and
b) 1 +
(r0ˆ)2
R20
=
r2
2R20
. (6.28)
Condition (6.28) contradicts to condition (6.3), for combination of them gives
0 ≤ r2 − (r0ˆ)2 = r
2
2
+R20 < R
2
0 , (6.29)
whence it follows, that (6.29) is inconsistent when r2 6= 0, while r2 = 0 is inconsistent
with (6.28). Condition (6.27) is consistent with (6.3), which gives 0 ≤ r2 < R20.
Thus, substitution (6.27) in (6.25) and taking into account spherical symmetry of
the solution leads to
m0 = − 3
κ0c2R20
∫
V
(
1− r
2
R20
)
dV =
= − 12π
κ0c2R20
R0∫
0
(
1− r
2
R20
)
r2dr = −8πR0
5κ0c2
=
R0m
2
ec
5αh¯
=
R0me
5a0
, (6.30)
where a0 = αh¯/mec = 2, 81751 · 10−15 m is the classical radius of the electron. Under
assumption m0 = me we get a following estimation for radius of an extended object
R0 = 5a0 = 1, 41 · 10−14 m.
Calculations above should not attach absolute importance to, for there were made
too many assumptions of intuitive character such, for example, as independence of the
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energy density µ on r0ˆ, description of internal space of the electron by the metric (6.15),
interpolation of the Coulomb law into electron interiority, and so on. It is sufficient
to point out, that modern indirect measurings of the electron radius give the value
re = 0, 452 · 10−22 m [40]-[41].
Let us consider now restrictions (4.30) and (6.1) imposed to velocity V αˆC for obtained
internal metric (6.15). In the center-of-inertia system the metric gµν , describing a motion
of the point M in the background space, must coincide with internal metric, so that
gµν = δ
αˆ
µδ
βˆ
νhαˆβˆ, where δ
αˆ
µ = 1, if µ = α and δ
αˆ
µ = 0, if µ 6= α. Then equations (2.13)-(2.14)
shall have the form
hαˆβˆe
αˆ
· (λ)e
βˆ
· (κ) = η(λ)(κ) , (6.31)
η(λ)(κ)eαˆ· (λ)e
βˆ
· (κ) = h
αˆβˆ . (6.32)
It is not difficult to show these equations to give following expressions for components of
reciprocal 4-hedron eµ = {eµ· (λ)} = {δµ· αˆeαˆ· (λ)}:
eαˆ· (µ) = δ
αˆ
· λe
λ
· (µ) =
(
1 +
r2
R20
)1/2 [
δαˆ· (µ) −
[
1±
(
1 +
r2
R20
)1/2] η(µ)βˆrαˆrβˆ
r2
]
. (6.33)
For components of moving 4-hedron eλ = {e(µ)· λ} = {e(µ)· αˆδαˆ· λ}, satisfying to relations
e
(µ)
· αˆe
αˆ
· (ν) = δ
(µ)
· (ν) , e
αˆ
· (µ)e
(µ)
· βˆ
= δαˆ
· βˆ
, (6.34)
η(µ)(ν)e
(µ)
· αˆe
(ν)
· βˆ
= hαˆβˆ , h
αˆβˆe
(µ)
· αˆe
(ν)
· βˆ
= η(µ)(ν) , (6.35)
we get
e
(µ)
· αˆ = δ
β
· αˆe
(µ)
· β =
(
1 +
r2
R20
)−1/2 δ(µ)· αˆ −
[
1±
(
1 +
r2
R20
)−1/2] δ(µ)
· βˆ
h0αˆγˆr
βˆrγˆ
r2

 . (6.36)
Substituting (6.15) and (6.33) into (4.30) we come to the next relation between V αˆC
and rαˆ
hαˆβˆe
α
(0)V
βˆ
C =
(
1 +
r2
R20
)−1/2 V 0ˆC −
[
1±
(
1 +
r2
R20
)−1/2] r0ˆh0
αˆβˆ
rαˆV βˆC
r2

 = 0 , (6.37)
which may be written down in the form[
1− r
2
R20
∓
(
1 +
r2
R20
)1/2]
V 0ˆC =
r0ˆh0
aˆbˆ
raˆV bˆC
R20
, (6.38)
where r2 = −h0
aˆbˆ
raˆrbˆ is determined in (4.22).
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In view of (6.37) squared vector (4.31) is
V2C = −η(m)(n)e(m)· αˆ e(n)· βˆV
αˆ
C V
βˆ
C = −hαˆβˆV αˆC V βˆC =
=
(
1 +
r2
R20
)−1{
−h0
aˆbˆ
V aˆCV
bˆ
C −
r2(V 0ˆC)
2
(r0ˆ)2
+ 2
[
1∓
(
1 +
r2
R20
)1/2]
R20(V
0ˆ
C)
2
(r0ˆ)2
}
, (6.39)
where only upper sign in square brackets should be left, for lower sign is inconsistent
with obvious inequality V2C = −hαˆβˆV αˆC V βˆC ≥ 0, where equality sign takes place only when
V αˆC = 0. Then restriction (6.1) will be written down as
(a2V2C[r×VC]2 − 1)hαˆβˆV αˆC V βˆC = 0 , (6.40)
whence it follows
aV2C = ±
√
V2C
[r×VC]2 = ±
1
r sin ϑ
, (6.41)
where ϑ is an angle between vectors r and VC,
(r ·VC) = −η(m)aˆe(m)· βˆ r
aˆV βˆC = −
(
1 +
r2
R20
)−1/2 [
1−
(
1 +
r2
R20
)−1/2]
R20V
0ˆ
C
r0ˆ
, (6.42)
[r×VC]2 = r2V2C − (r ·VC)2 =
=
(
1 +
r2
R20
)−1{
−r2h0
aˆbˆ
V aˆCV
bˆ
C − R20(V 0ˆC)2 +
r2(R20 − r2)(V 0ˆC)2
r0ˆ
2 −
−2
[
1−
(
1 +
r2
R20
)1/2]
R20(R
2
0 − r2)(V 0ˆC)2
r0ˆ
2
}
. (6.43)
Due to V αˆC = dr
αˆ/cdτC equation (6.38) represents in fact an equation of hypersurface,
along which a point M is moving. Setting u = r0ˆ/R0, A = 1 − r2/R20 we get from (6.38)
the next equation
2(A−
√
A+ u2)du = udA , (6.44)
solution of which is √
A+ u2 − 1 = gu , (6.45)
or
(1− g2)
[
r0ˆ − gR0
1− g2
]2
− r2 = g
2R0
2
1− g2 , (6.46)
where g is constant parameterizing the hypersurface. According to (6.3)−1 < √A+ u2−1 ≤ 0.
Hence −1 < gu ≤ 0, or −R0 < gr0ˆ ≤ 0. Therefore (6.46) gives
0 ≤ r
0ˆ
R0
= − g
g2 − 1 −
√
g2
(g2 − 1)2 −
r2
R20(g
2 − 1) ≤ −
1
g
, g < 0 , (6.47)
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−1
g
≤ r
0ˆ
R0
= − g
g2 − 1 +
√
g2
(g2 − 1)2 −
r2
R20(g
2 − 1) ≤ 0 , g > 0 . (6.48)
Here g = ±∞ corresponds to r0ˆ = 0, and g = 0 corresponds to light cone
(r0ˆ)2 − r2 = 0 . (6.49)
At g = ±1 equation (6.46) is degenerated into the equation of paraboloid
r0ˆ = ±r2/2R0 . (6.50)
In all cases internal coordinates vary in the next boundaries
−R0
√
g2 + 1
g
≤ raˆ ≤ R0
√
g2 + 1
g
, g > 0 ;
R0
√
g2 + 1
g
≤ raˆ ≤ −R0
√
g2 + 1
g
, g < 0 . (6.51)
These hypersurfaces are represented in Fig.1.
0ˆ
0
/r R
ˆ
0
/
a
r R
–1 < g  0 
g < –1 
g > 1 
-1
-2
2
0  g < 1 
1
2
g = –1 
g = 1 
-2
Figure 1.
Calculations above give a possibility to set a sense of components B(k) = Ω
[0k]
C
forming the vector B. The sign ”±” in (6.41) corresponds both to the sign of r0ˆ and
to direction of the pseudo-vector [r ×VC], which is a moment of the vector VC relative
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to the center of inertia. Consequently, substituting (6.41) in (4.33) one may put (when
Ω = 0)
B(k) = Ω
[0k]
C = |r0ˆ|−1
√
V2C
[r×VC]2 η
(k)(l)[r×VC](l) =
= |r0ˆ|−1
√
V2C
[r×VC]2η
(k)(l)ε(l)(m)(n)δ
(m)
· aˆr
aˆV
(n)
C , (6.52)
where r0ˆ is determined in (6.47)-(6.50).
At last, in the case under consideration, when j[µν][λκ] = j
0
[µν][λκ] and Ω = 0, tensor
(5.32) has the form
srot[µν] = −
Σc
4
˜˜j0[µν][λκ]Ω
[λκ]
C = −
Σc
2
[
η(µ)αˆη(ν)(κ) − η(ν)αˆη(µ)(κ)
]
η(λ)βˆr
αˆrβˆΩ
[λκ]
C =
=
Σc
2
[
η(µ)αˆ(η(ν)(0)η(k)bˆr
bˆ − η(ν)(k)r0ˆ)− η(ν)αˆ(η(µ)(0)η(k)bˆrbˆ − η(µ)(k)r0ˆ)
]
rαˆΩ
[0k]
C , (6.53)
whence it follows
srot[mn] =
Σc
2
[
η(n)aˆη(m)(k) − η(m)aˆη(n)(k)
]
raˆr0ˆΩ
[0k]
C = ε(m)(n)(k)s
(k) , (6.54)
s(k) =
1
2
ε(m)(n)(k)srot[mn] =
Σc
2
[r0ˆB× r](k) =
= −Σc sign(r
0ˆ)
2
√
V2C
[r×VC]2 [r× [r×VC]]
(k) , (6.55)
srot[0n] = −
Σc
2
(r0ˆ)2η(n)(k)Ω
[0k]
C = −
Σc
2
|r0ˆ|
√
V2C
[r×VC]2 [r×VC](n) . (6.56)
The latter relation shows, that srot[0n] represents a specific angular momentum of the point
M relative to the center of inertia.
In so far as extended particle model in question implies, that a particle has infinite
extension in temporal axis, expression (5.8) for proper angular momentum (spin) of the
particle should be redetermined in the form
S[µν] =
∫
V
ρsrot[µν]dV =
∫
D
ρ(4)(rαˆ)srot[µν]d
4r =
∫
V
dV
+∞∫
−∞
ρ(4)(rαˆ)srot[µν]dr
0ˆ , (6.57)
where ρ(4)(rαˆ) is four-dimensional mass density of the particle, d4r = dr0ˆdV = dr0ˆdr1ˆdr2ˆdr3ˆ
is an elementary volume of four-dimensional domain D , occupied with particle substance,
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which is bounded in this model by hypersurfaces of light cone (6.49) and one-sheet hyper-
boloid r2 = h0
αˆβˆ
rαˆrβˆ = 0. One can see from (6.56), that pseudovector S = {S[0n]} should
be implied as spin of the particle, interpreted as proper mechanical angular momentum.
In our case transformations (6.9) do not exhaust all transformations satisfying to
condition (6.3). As an example we can give a class of transformations, deriving from five-
dimensional interval (6.4). Analog of transformation (6.5) may be written as [35], [42]
L = l+
1
R0
ϕ(αω) sinh
√
αω ρˆ+
1
R20
(cosh
√
αω − 1)ϕ2(αω)ρˆ2 , (6.58)
where ϕ(αω) is arbitrary function on αω, satisfying to condition 0 ≤ ϕ−2(αω) < 1, and
ϕ−2(αω) =
1
2R20
Spρˆ2 = −g
5ˆ5ˆ
R20
gαˆβˆρ
αˆρβˆ = − 1
R20
h0
αˆβˆ
ραˆρβˆ = − ρ
2
R20
= β2 . (6.59)
It should be express αω through β
2 from (6.59) and substitute it to (6.58). Then trans-
formation law of vectors rαˆ would be derived similar to formula (6.9).
Moreover, using of transformation (6.58) admits a generalization of condition (6.3)
in the form
−R2k+1 < r2 = h0αˆβˆrαˆrβˆ < −R2k , k = 0, 1, 2, ..., K , (6.60)
which leads to layered structure of internal space [43]. It is quite obvious also, that to
construct a real metric one can use nonlinear transformations, based on principles, which
differ from the principle, used here.
7 Conclusive notes
Essential moment in our attempt to describe an extended elementary particle is
using a postulate of geodesic lines [23]-[25]. Applying it to an extended particle we
specified a concept of the center of inertia by condition that its motion should pass
along geodesic line of external space. Geodesic lines of internal space should represent a
motion of substance inside of a particle relative to the center of inertia. Physically it is
expressed in independency of internal motions on external motion. Geometrically it turns
out to be expressed in terms of degenerated embedding spaces. If it is hardly valid for
macroscopic extended bodies, for internal and external motions are very strongly coupled.
But unobservability of internal motions and constancy of some characteristics of particles
at least at not very large energies gives possibility to postulate this assumption just for
elementary particles. This is a basic distinction of suggested method from the description,
adopted in General Relativity, equations of which are used only for interpretation of the
metric.
Here we considered only a one-particle problem. Therefore, it was not necessary to
introduce such characteristic of the particle as mass and charge. Apparently, they must
appear as parameters of interaction between two extended objects. But, in return, there
appears a quantity R0, characterizing a size of a particle. Instead of quantum-mechanical
30
spin we consider mechanical proper angular momentum, whose presence or absence of
association with spin should be determined later about. We think such association to be
existing, and this method may be applied to stable particles, such as electron and proton,
but when their interactions are considering it should be modified.
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